INFINITESIMAL DEFORMATIONS OF NULL-FILIFORM LEIBNIZ 
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Abstract. In this paper we describe the infinitesiinal deformations of null-filiform Leibniz super- 
algebras over a field of zero characteristic. It is known that up to isomorphism in each dimension 
f-f^ ' there exist two such superalgebras NF"'"^. One of them is a Leibniz algebra (that is m = 0) and the 

second one is a pure Leibniz superalgebra (that is m ^7^ 0) of maximum nilindex. We show that the 
C^ ^ closure of union of orbits of single-generated Leibniz algebras forms an irreducible component of the 

^sj , variety of Leibniz algebras. We prove that any single-generated Leibniz algebra is a linear integrable 

' deformation of the algebra NF". Similar results for the case of Leibniz superalgebras are obtained. 
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1. Introduction. 



Deforming a given mathematical structure is a tool of fundamental importance in most parts of 
mathematics, mathematical physics and physics. Deformations and contractions have been investigated 
C^ I by researchers who had different approaches and goals. Tools such as cohomology, gradings, etc. which 

are utilized in the study of one concept, are likely to be useful for the other concept as well. 

The theory of deformations originated with the problem of classifying all possible pairwise non- 
isomorphic complex structures on a given differentiable real manifold. Formal deformations of ar- 
^ I bitrary rings and associative algebras, and related cohomology questions, were first investigated by 

\j^ i Gerstenhaber [10]. Later, the notion of deformation was applied to Lie algebras by Nijenhuis and 

CN [ Richardson [16]. Because various fields in mathematics and physics exist in which deformations are 

used, we focus in the study of Leibniz superalgebras. One-parameter deformations were studied and 
established connection between Lie algebra cohomology and infinitesimal deformations. 
"^ . Deformation is one of the tools used to study a specific object, by deforming it into some families of 

"similar" structure objects. This way we get a richer picture about the original object itself [7^. But 
there is also another question approached via deformation. Roughly speaking, it is the question, can 
we equip the set of mathematical structures under consideration (may be up to certain equivalence) 
with the structure of a topological or geometric space. 
^^ ' The theory of deformations is one of the effective approach in investigating of solvable and nilpotent 

$H ■ Lie algebras and superalgebras [H||ni[Illlin], etc. 

Recall, that Leibniz algebras are generalization of Lie algebras [TS] [14] and it is natural to apply the 
theory of deformations to the study of Leibniz algebras. Particularly, the problems which were studied 
in [8] [15] and others can be considered from point of Leibniz algebras view. Thanks to the work [3] we 
can apply the general principles for deformations and rigidity of Leibniz algebras. 

It is well known that Lie superalgebras are a generalization of Lie algebras. In the same way, the 
notion of Leibniz algebra, can be generalized to Leibniz superalgebras. Lie superalgebras with maximal 
nilindex were classified in [llj. In fact, there exists a unique Lie superalgebra of maximal nilindex. 
This superalgebra is a filiform Lie superalgebra. For nilpotent Leibniz superalgebras the description 
of the maximal nilindex case (nilpotent Leibniz superalgebras distinguished by the feature of being 
single-generated) was easily done in [Tj. 

Let T^ = Vb®Vi be the underlying vector space of the Leibniz superalgebra L — LqQLi of dimension 
n + m (where n and m are dimensions of Lq and Li, respectively) and let GL{V) be the group of the 
invertible linear mappings of the form / = /o + /i such that /o G GLn{F) and /i € GLm{F) (where 
GL{y) = GLn{F)(BGLm{F)). The action of the group GL{V) on the variety of Leibniz superalgebras 
induces an action on the Leibniz superalgebras variety: two laws fii and ^2 are isomorphic, if there 
exists a hnear mapping /, / = /o + /i € GL{V), such that 

M2(a;,y) = f^lf3{fJ.i{fa{x),fi3{y))) for all x €Va,y € Vp. 
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The orbit under this action, denoted by Orb(/i), consists of ah superalgebras isomorphic to the super- 
algebra /i. Therefore the description of (n + TO)-dimensional superalgebras with dimensions of even and 
odd parts equal to n and to, respectively (further denoted by Leib^'™') can be reduced to a geometric 
problem of classification of orbits under the action of the group GLiV). Note that nilpotent Leibniz 
superalgebras iV"^™ form also an invariant subvariety of the variety Leib"''"^ under above action. From 
algebraic geometry it is known that an algebraic variety is a union of irreducible components. The 
superalgebras with open orbits in the variety of Leibniz superalgebras are called rigid. The closures of 
these open orbits give irreducible components of the variety. Therefore studying of the rigid superal- 
gebras is a crucial problem from the geometrical point of view. The problem of finding such algebras 
is crucial for the description of the variety Lezfo"''". 

The structure of the paper is as follows: In Section Preliminaries we give the necessary definitions 
and results for understanding the main parts of this paper. In Section 3 we calculate the second group 
of cohomology of the null-filiform Leibniz algebra and show that the set of single-generated Leibniz 
algebras forms an irreducible component of the variety of Leibniz algebras. Moreover, it established 
that any single-generated algebra is a linear integrable deformation of the null-filiform algebra. In the 
last section we extend the calculations of previous section for the case of Leibniz superalgebras. 

Throughout the paper we consider finite-dimensional vector spaces and superalgebras over a field 
of zero characteristic. Moreover, in the multiplication table of a Leibniz superalgebra the omitted 
products and in the expansion of 2-cocycles the omitted values are assumed to be zero. 

2. Preliminaries. 

In this section we give necessary definitions and results for understanding the main parts of the 
work. 

Definition 2.1. [jy A lj2-gfo.ded vector space L — Lq ® Li is called a Leibniz superalgebra if it is 
equipped with a product [— , — ] which satisfies the following conditions: 

[x,[y,z]] = [[x,y], z] — {—iy^''^'[[x, z],y] ~ Leibniz superidentity 

for all X €z L, y (z L\y\, z G L\z\- 

Let L be a Leibniz superalgebra. We call a Z2-graded vector space M = Mq Mi a module over L 
if there are two bilinear maps: 

[-, -]:LxM^M and [-, -] : M x L ^ M 

satisfying the following three axioms 

[to, [x,?;]] = [[m,x\,y] - (-l)l''ll^l [[to, y], x], 

[a;,[TO,y]] = [[a;,TO],2;]-(-l)l^ll'"l[[a;,y],TO], 

[x,[y,m]] = [[x,y],m] - (-l)l'"ll^l[[a;,TO], j/], 

for any to e M\„,\, x G L\^\,y e L\yy 

Given a Leibniz superalgebra L, let C'^{L,M) be the space of all super skew-symmetric _F- linear 
homogeneous mapping L**" ^ M , n > and C°{L,M) = M. This space is graded by C{L,M) = 
CS{L, M) © C1{L, M) with 

C; (L, M) = Hom(L®"° (^ Lf "S M,) 

"0 + "'1 = n 
ni + r = p mod 2 

Let d" : C"(L, M) -^ C'+^iL, M) be an F-homomorphism defined by 

(d"/)(xi,...,x„+i) := [xi,f{x2,...,Xn+l)\ 
n+1 

+ ^(-ir+i--i(i/i+i--+^i+-+i-"+^i)[/(xi, ...,£.,.. . ,x„+i),x,] 

i=2 

I / ^ (, -LJ J\X\^.--jXi—i^\Xi^Xj\^Xj^-\-\^...^Xj^,..^Xyi-i^\)^ 

l<i<j<n+l 
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where / G C^{L, M) and Xi £ L. Since the derived operator d—'Y^d} satisfies the property do d = 0, 

the cohomology group is well defined and 

HL;{L,M) = ZL'^{L,M)/BL'^{L,M), 

where the elements ZL[f(L,M) {BLl^{L,M)) and ZUl{L,M) {BL1{L,M)) are called even n-cocydes 
{even n-coboundaries) and odd n-cocycles {odd n-coboundaries) , respectively. 

It is remarkable fact that formula for d" can be obtained from the derived operator for color Leibniz 
algebras [Bl- 

Note that the space ZL^{L,L) consists of derivations of the superalgebra L, which are defined by 
the condition: 

d([a;,y]) = (-l)l'^ll^l[d(x),y] + [a;,%)]. 

For a given x £ L, Rx denotes the map Rx : L ^ L such that Rx{y) = [y^x], Va; G L. Note that 
the map Rx is a derivation. 

A deformation of a Leibniz superalgebra L is a one-parameter family Lt of Leibniz superalgebras 
with the bracket 

lJ.t= IJ-0+ t(pi + t^ip2 H , 

where ipi are L— valued even 2-cochains, i.e., elements of Hom(L (g) L, i)o = C^{L, L)q. 

Two deformations Lt, L[ with corresponding laws /it, /ij are equivalent if there exists a linear 
automorphism ft — id + fit + f2t^ + ■ ■ ■ oi L, where ft are elements of C^{L,L)o such that the 
following equation holds 

t^'tix, y) = fi~^{lJ-t{ft{x), ft{y))) for x,y e L. 

The Leibniz superidentity for the superalgebras Lt implies that the 2-cochain ipi is an even 2-cocycle, 
i.e. d'^ipi = 0. If (fix vanishes identically, the first non vanishing ipi will be a 2-cocycle. 

If /ij is an equivalent deformation with cochains ip[, then ip[ ^ ipi = d^/i, hence every equivalence 
class of deformations defines uniquely an element of L[L^{L, L)o. 

Note that the linear integrable deformation cp satisfies the condition 

ip{x, ip{y, z)) - ip{ip{x, y),z) + (-l)l2'll^l^(^(a;, z), y) = 0. (2.1) 

It should be noted that a Leibniz algebra is a superalgebra with trivial odd part and the definition 
of cohomology groups of Leibniz superalgebras extend the definition of cohomology groups of Leibniz 
algebras given in [H] . 

For a Leibniz superalgebra L consider the following central lower series: 

L^^L, L'-^+i = [L^Ll], fc>l. 
Definition 2.2. A Leibniz superalgebra L is said to be nilpotent, if there exists p G N such that L^ — 0. 
Now we give the notion of null-filiform Leibniz superalgebra. 

Definition 2.3. An n-dimensional Leibniz superalgebra is said to be null-filiform if dim L' = n -I- 1 — 

i, 1 < i < n + 1. 

Similarly to the case of nilpotent Leibniz algebras [2] it is easy to check that a Leibniz superalgebra is 
null-filiform if and only if it is single-generated. Moreover, a null-filiform superalgebra has the maximal 
nilindex. 

Theorem 2.4. 1 Let L be a null-filiform Leibniz superalgebra of the variety Leib""'"^. Then L is 
isomorphic to one of the following non-isomorphic superalgebras: 

'[yl,yl]=x^, l<i<n, 

NF": [x,,xi]^x,+i, l<t<n-l; iVF"^™ ; <^ ^' ^^ 2^'+!' - - 

[yjiXi] = yj+i, 1 < J < TO- 1, 

[xi,xi] = Xi+i, 1 <i <n- I. 

where {xi, X2, ■ ■ ■ , Xn} and {yi, 2/2, • • • , y™} o,fe bases of the even and odd parts, respectively. 

Remark 2.5. Note that the first superalgebra is a null-filiform Leibniz algebra [2] and from the 
assertion of Theorem 12.41 we conclude that in the case of non-trivial odd part of the null-filiform 
Leibniz superalgebra NF"'"^ there are two possibilities for to, namely, to = n or ?7i = n -f- 1. 
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3. Deformations of the null-filiform Leibniz algebra 

In this section we calculate infinitesimal deformations of the algebra NF"' and we show that any 
single-generated is a linear integrable deformation of NF^. 

Note that any derivation of the null-filiform Leibniz algebra NF"' has the following form [5.: : 

/ ai 02 as ... an \ 
2ai a2 ... a,i-i 
3ai . . . a„_2 



V 







nai j 



From this we conclude that dimBL2(ArF",iVF") = r? 



In general, a 2-cocycle is a bilinear map from iVF" ® 7VF" to NF"^ such that (i^(p = 0, i.e., 
dV(a;, y, 2:) = [a;, "^(y, ^)] - [<^(a;, y), ^;] + b(a;, z), y] -I- V5(a;, [j/, z]) - (/^([a;, y], z) -f (^([x, z], y). 
Proposition 3.1. The following cochains: 

(pj^k{xj,xi) = Xk, 1< j <n, 2<k<n, 



4^3 (1 < j < " - 1) 



Tpj{Xj,Xi) ^Xi, 



Tl)j{x^,Xj+i) = -Xi+i, l<i<n-l, 
form a basis of Z L'^ {N F"^ , N F"") . 
Proof. Using the Leibniz 2-cocycle property {(Pip){xi,xi,xi) = 0, we have 

(p{Xi,X2) = -[Xi,ip{xi,Xi)], I <i <n-l, ip{Xn,X2) ^0- (3.1) 

The conditions {(Pip){xi,xi,Xj) — 0, {(P'ip)(xi,Xj^x\) = for 1 < i < n, 2 < j < n imply 

{xi,<^(xY,Xj)\ -t- {ip{xi,Xj),XY\ - ip(\x^,Xx\,Xj) = 0, 
[xi,(p{Xj,Xi)] - [ip{Xi,Xj),Xi] +(p{xi, [Xj,Xi]) +ip{[xi,Xi],Xj) = 0. 

Summarizing the above equalities, we derive 

(p{xi,Xj+i) ^ -[xi,ip{xi,Xj) + (p{xj,xi)], I <i <n- 1, 2 < j < n - 1, 
(p{xn,Xj+i) = 0, 2 < j <n- I, 

[Xi,ip{xi,Xn) +ip{Xn,Xi)] = 0, 



(3.2) 



1 < i < n. 



Set ip{xj,xi) = Yl aj,kXk for 1 < i < 



fe=i 



Using inductively method from equalities (13. ip and p.2p we get a„_i = and 

ip{xi,Xj+i) = -aj^ix,+i, I <i <n-l, I < j <n- I. 
Therefore, we obtain that any infinitesimal deformation of A^F" has the following form: 

ip{Xj,Xi) — ttj^iXi + aj^2X2 + • • • + aj^nXn, 1 < j < "' - 1 
ip{Xn,Xi) = an,2X2 H h a„,„2:„, 

^ip{xi,Xj+i) = —aj_iXi+i, l^i^JT-— 1, l<i<"— L 

Therefore, (pj.k and tpj form a basis of Z L'^ {N F"- , N F"^) . 
Corollary 3.2. dim{ZL'^{NF'\NF'')) ^r? -\. 

Below, we describe a basis of the subspace BL^{NF", NF"') in terms of (fj,k and 4'j- 



n 



Proposition 3.3. The cocycles 
form a basis of BL^{NF'', NF''). 



0,1 = V'j-i - Vj,2, 2<j<n, 

£,j,k^ fj-i,k, 2 <j <k <n, 

^S,j,k = 'Pj-i,k - 'Pj,k+i, 2 < k < j <n 
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Proof. Consider the endomorphisms fj^k defined as follows: 

fj.k{xj) = Xfc, 2 < j <n, I < k <n. 

It is easy to see that fj^k are complement of derivations to C^{NF", NF^). Therefore, the elements 
of the space BL^NF",NF") are d^f.^k such that d^f.^k = fj.ki[x,y]) - [/j,fc(a;),y] - [xJ^Mv)]- 
Then we obtain 

{d^f.i^i{xj-i,xi) = xi, 
d^fj,l{Xj,X^)^-X2, 
d^fj^i{xi,Xj)^-x.i+i, 2<i<n-l, 
2<j<n, \ _ \d^fj^kixj-i,xi) = Xk, 



d^fk,n {2<k<n)^ {d^fk,n{^k-i,xi) = a;„. 
It should be noted that 

d^f],i = i'o-i - f].2 2 < j <n, 

d^f],k = V^j-i.fc - f3,k+i, 2 <j <n, 2 < k <n-l, 
,d^f],n = ^3-1,71, 2 <j <n. 

From the condition d^fk^s + d^ fk+i.s+i + • ■ ■ + d^fn+k-s,n = 'Pk-i,s for 2 < fc < s < n, we conclude 
that the maps ^k,s. 2 < k < n, 1 < s < n, form a basis of 'bL^{NF'', 7VF"). D 

Corollary 3.4. The adjoint classes ipn,k (2 < k < n) form a basis of H L'^ {N F" , N F"^) . Consequently, 
dimHL^{NF",NF") ^n~l. 

In the following proposition we describe infinitesimal deformations of NF^'^ satisfying the equality 
Proposition 3.5. A 2-cocycle of NF^ satisfy the equality ()2.ip if and only if it has the form: 

j,k 



Proof. It is easy to check that 2-cocycles of the form ^ aj^k^j^k satisfy the equality (|2.ip . 

j,k 
n-1 

If ^ G ZL''{NF'',NF"), then if ^J^^j.k'fik.s + E ^jV-fc- 

j,k 3 = 1 

From the condition 

ip{xi,ip{xi,Xi)) - (p((p{xi,Xi),Xi) +Lp{Lp{xi,Xi),Xi) = 0, 

we get hi = 0. 

The following chain of equalities 

ip{xi,ip{Xj,Xj+l)) - ip{ip{Xi,Xj),Xj + l) + ip{(p{xi,Xj + l),Xj) 
= (p{Xi,1pj{Xj,Xj+l)) - ip{'lpj_l{x^,X.j),Xj + l) +ip{lpj{Xi,Xj + l),Xj) 

= -ipj{xi,bjX.j+i) + ipj{bj^iXi+i,Xj+i) - ipj^i{bjXj+i,Xj) 
= b'^jXi+i - bjbj^iXi+2 + bjbj_iXi+2 = b'^jXi+i 
imply bj =0, 2<j <n-l. D 

Consider the linear integrable deformations fit = NF" +tJ2 0'j.kfj,k of NF"^. 

j.k 

Since every non-trivial equivalence class of deformations defines uniquely an element of HL^(L, L), 

n 

due to Corollary 13.41 it is sufficient to consider /^j(a2, 03, . . . , a„) — NF" + t Y^ o,k'Pn,k, where 

k=2 

[0.2,0.3, ..., On) ^ (0,0,..., 0). 

Thus, the multiplication table of fit{o2, 03, . . . , a„) has the form 

[xi,xi]^ Xi+i, l<^<?^-l, 

n 

[Xn,Xl\ ^tJ2 OkXk. 
k=2 

Putting aj. — tok, we can assume t = 1. 
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Proposition 3.6. An arbitrary single- generated Leibniz algebra admits a basis {xi,X2, ■ ■ ■ ,Xn} such 
that the multiplication table has the form of fii(a2,a3, . . . ,a„). 

Proof. Let L be a single- generated Leibniz algebra and x a generator of L. We put 

xi=x, X2 = [x,x], X3 = [[x,x],x], ..., x„ = [[x,x],...,x]. 
Since a; is a generator, {a:i, X2, ■ ■ ■ , Xn} form a basis of L. Evidently {x2, ■ ■ ■ , Xn} belong to the right 

n 

annihilator of L. Hence, we have [xi, Xj] — 0, 2 < j' < n — 1. Let [a;„, xi] — ^ OkX^- 

k=l 

From the Leibniz identity [zi, [x„,xi]] = [[2;i,x„], Xi] — [[a;i,x„], Xi] = 0, we conclude ai — 0. 
Therefore, we obtain the existence of a basis {a;i,a;2, . . . ,x„} in any single-generated Leibniz algebra 
such that the multiplication table in this basis has the form: 

[xi,xi] ^ Xi+i, l<i<n-l, 

n 
fc=2 

D 

Let Oj be the first non vanishing parameter in the algebra /i(a2,a3, . . . ,a„), then by scaling x[ = 

n-j+i/-^ Xi, 1 < i < n, we can assume Qj = 1, i.e., the first non vanishing parameter can be taken 
V ^j 
equal to 1. 

Note that the set of single- generated Leibniz algebras is open. Indeed, if a q- generated (g > 1) 
Leibniz algebra has a basis {ei, 62, ... , e„}, then for any e,; £ L the elements e^, e|, . . . , e" are linearly 
dependent. That is, determinants of the matrices Ai, 1 < i < n, which consists of the rows e^, ef, . . . , ef 
are zero, hence we get n-times of polynomials with structure constants of the algebra. Therefore, 
g-generated {q > 1) Leibniz algebras form a closed set. Taking into account that the set of all 
single-generated Leibniz algebras is complemented set to a closed set, we conclude that the set of 
single-generated Leibniz algebras is open. 

It is easy to see that an algebra /ii(a2, as, . . . ,a„) is a linear deformation of an algebra 
^i(4,a!j,...,a;). 

Since dim(Der(^i(a2, 03, . . . ,a„))) = n - 1, (02,03, ... ,a„) ^ (0,0,...,0), then by argu- 
ments used in [4] for non-isomorphic algebras /ii (02,03, ... ,a„) and /ii(a2, 03, . . . , a'„) we derive 
^1(02, 03,..., a„) ^ Orb(/ii(a2,a3,...,aJ). 

Summarizing these results on single-generated Leibniz algebras, we obtain 



Theorem 3.7. IJ Orb(/ii(a2, 03, . . . , a„)) is an irreducible component. 

4. COHOMOLOGY OF LeIBNIZ SUPERALGEBRAS 

In this section we describe all infinitesimal deformations of the Leibniz superalgebra NF""'"^ and we 
prove similar results as in previous section. 

In the next proposition the description of even derivations of NF"'"^ is given. 

Proposition 4.1. Any derivation ofDer{NF^'"^)o has the form: 

m+l-j 

diVj) ^ {2j - l)aiyj + ^ Ofcyj+fc-i, 1 < J < m, 

fc=2 
n+1 — i 

d{xi) ^ 2iaiXi + ^J aiXi+k-i, I < i < n, 

k=2 

where m = n or m — n + 1. 

m 

Proof. For d £ Der(A^i^"''")o we put d{yi) = ^ flfcj/fc- Then using the properties of derivation and 

fc=i 

n 

multiplication in the superalgebra NF"'"^ we obtain d{xi) — 2aiXi + ^ cikXk- 

k=2 
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Using induction, we deduce 

d{y]+i) = [d{y3),xi] + [yj,d{xi)] = (2j + l)aiyj+i + ^ akVj+k, 



k=2 



n+1 — i 



d{xi) ^[d{yi),yi] + [y^,d{yi)\^2iaiXi+ ^ akXi+u-i- 

fc=2 

The verification of tlie derivation property on otlier elements do not give any additional restriction 
on d. n 

Similarly we describe odd derivations of Der(Afi^"'™). 

Proposition 4.2. Any derivation o/Der(iVF"'™)i has the form 

n+l-j 

diVj) == E hxj+k-i, 1 < i < n, 

fe=i 

'm~i 

d(xi) = i(6ij/i+i - Y. hxi+k), 1 < i < m - 1, 

fe=2 

where m ^ n or m = n + 1. 

Now we shall consider infinitesimal deformations of the superalgcbra NF"'"^, i.e., elements of the 
space ZLl{NF"^"',NF"^"'). 

4.1. The case m = n. 

In this case we give the description of the infinitesimal deformations of the superalgcbra NF"''"'. 



Proposition 4.3. An arbitrary infinitesimal deformation (p of NF"^'^^ has the following form: 
f{xn,yi) = E f3n,kyk, 

n 

1 < J < n- 1, 

(p{Xn,Xi) ^2J2 l3n,kXk, 



<fi{y],yi) = E (^j,kXk, 

k=l 
n 

vixj,yi) = J2 I3].kyk, 



fc=2 



ip{xj,xi) ^ -ai,iXi+i + E ("i+i,fc + 2fij^k)xk, 

k=l 



k=2 



^{y],xi) = 2/3j4yi - aisyj+i + J2 ("j,fe-i + 2f3j^k)yk, l<j<n-l, 



k=2 
n 

ip{yn, Xi) = J2 (an,fc-l + 2(3n,k)yk, 
k=2 

(p{xi, Xj+i) = -(ttj+i,! + 2(3j^i)xi+i, 
<f{yi,Xj+i) = -(aj+1,1 + 2^j,i)y,+i, 
ip{xi,yj+i) = -PjsVi+i, 
^f{yz,yj+i) = -2l3j,ix^, 

Proof Let tp e ZLl{NF""'',NF'''"'). We set 



1 < i < n — I, 1 < j < n — 1, 
l<i<n-l, I <j <n-l, 
1 < i < n — 1, I < j < n — 1, 
l<i<n, 1 < j < n — I. 



'P{yj,yi) = ^Oij^kXk, (p{xj,yi)^^l3j^kyk, l<j<n. 
fc=l fe=l 

Applying the multiplication of the superalgcbra and the property of cocycle for d^Lp{xj, j/i, yi) — 0, 
we obtain 



ip{xj,xi) = -ai^iXj+i +^(aj+i^fe_i +2/3j^k)xk, I < j <n-l, (f{xn,xi) ^2^/3„ 



,kXk • 



k=2 



k=l 



Analogously, from d'^if{yj,yi,yi) = we get 

n 

Viyj^xi) = 2f3j^iyi - ai^iyj+i + ^{aj^k-i + 2/3j^k)yk, 1 < j < n. 



k=2 
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The equations (Pip{xi, xi,xi) = and <Pip{yi,xi,xi) = imply 

Lp{xi,X2) = -~[xi,tp{xi,xi)] = -(a2,i +2j3i^i)xi+i, l<i<n-l, 

(p{Vi,X2) = -[yi,^{xi,xi)] = -(^2,1 + 2f3i^i)yi+i, l<i <n-l. 

Using the conditions <Pip{xi, xi, Xj) = and <pLp{xi, Xj, xi) — for l<i<n, 2<j<n, we derive 

[Xi,ip{xi,Xj)] + [lp{x^,XJ),Xl] ~ ip{[Xi,Xi],Xj) = 0, 
[Xi,ip{Xj,Xi)] - [ip{x.i,Xj),Xi] + (p{Xi, [Xj,Xi]) + ip{[Xi,Xi],Xj) = 0. 

Summarizing these equahties, we deduce 

ip{xi,Xj+i) = ~[xi,ip{xi,Xj) + ip{xj,xi)] = -(aj+1,1 +2/?j,i)a;j+i, 1 < i < 7i - 1, 2 < j < n- 1, 

and = [xt,^{xi,Xn) + ip{xn,xi)] = l3n,iyi+i, which imphes /3„,i = 0. 
Similarly from (Pip{yi,xi,Xj) = and (Pip{yi,Xj,xi) = we obtain 

Lp(yi,Xj+i) = -(ckj+ia + 2/3j^i)yi+i, 1 <i <n- I, 2 < j <n-l. 

Considering the properties {(Pip){xi,yi,Xj) = and {(pLp){xi,Xj,yi) = for 1 < i,i < n, we have 

[xi,ip{yi,Xj)] - [ip{xi,yi),Xj] + [Lp{xi,Xj),yi] -V Lp{xi,[yi,Xj\) ~ Lp{[x^,yi],Xj) 'V^{[x^,Xj],yi) = 0, 

[xi,ip{xj,yi)] ~ [Lp{xi,Xj),yi] + [ip{xi,yi),Xj] + ip{xi,[xj,yi]) ~ Lp{[x^,Xj],yi) + ip{[x^,yi],Xj) = 0. 

Again, summarizing these equalities, we get Lp(xi, [yi,Xj\ + [xj, j/i]) = —[xi,Lp{yi,Xj) + ip{xj,yi)], 
from which we have 



'^[xt,^{yi,xi) + ip{xi,yi)\ = -/3i,iyj+i, 



1 < z < n- 1, 
l<i<n-l, 2<j<n-l. 



'P[xi,y2) 

V{xt,yj+i) = -2[xi,ip{yi,Xj) + Lp{xj,yi)] = -^i,iyt+i, 

Applying the above arguments to the equalities {(P(p){yi,yi,Xj) — and {(Pip){yi,Xj,yi) = for 
1 < *, J < ?^, we get 

Lp{yi,yj+i) = -2^j4Xi, 1 < i < n, l< j <n-l. 

Checking the general condition of cocycle for the other basis elements we get already obtained 
restrictions. D 

Using the assertion of Proposition 14.31 we indicate a basis of the space ZLq{NF"''^,NF"''^). 

Theorem 4.4. The following cochains ipj^k,,'4'j,k '■ 



<^i,i 



•^i.i{yi,yi) 

(pi^l{Xi,Xi) 

'^i,i{yi,xi) ■ 



Xi, 



-Xi+i, 1 < « < n — 1, (Pj.i(2 < j < n) : < 
-Vi+i, 2<i<n-l, 



iPj^l{Xj^l,Xi) = Xi, 
iPj^l{Xi,Xj) ^ -Xi+l, 



, iPjsiy^i^j) = -y-'+i 



1 < i < n- 1, 
1 < i < n- 1, 



•■Pi.kiyiTXi) — yk+1, 



V],k 



2 < J < n, 
2 < fc < n- 1 



iPj,k{yj,yi) = xk, 

ipj,k{xj^i,xi) = Xfe, V'j,"(2 <j<n): 



(Pj,n{yj,yi) = 2:„, 



V',m(1<J<^-1): < 



i^j^ixj^yi) = yi> 

i/'j,i(a;j,a;i) = 2a;i, 
V'j,i(%,a;i) = 2yi, 
■0j,i(xi,a;j+i) = -2a;j+i, 
■(/'j,i(2/z,Xj+i) = -2y,+i, 
^j,i(a;i,%+i) ^-yz+i, 
, V'j,i(2/j,2/i+i) =-2a;j, 

/orm a basis of the space ZLl{NF''-''\ NF''-'"). 



1 < i < n — 1, '0j,fe 
1 < i < n- 1, 
1 < i < n- 1, 
1 < i < n, 



1 < i < ", 

2 < k <n 



'ijjj,kixj,yi) = yfc, 
'ijjj^kixj,xi) = 2xk, 
ijjj^kiyjjXi) = 2yk. 



Applying the same arguments as used in the proof of Proposition 13.31 we prove the following result 
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Proposition 4.5. The 2-cochains S,j,k and Q,k defined as follows: 

^j,k^(P],k, l<j<n, j<k<n, 

^j,k = V3,k - ^ipj,k+i, '2<j<n, l<k<j-l, 

Cj^k = tpj-i,k, '2<j<n, j<k<n, 

Cj\/c = ^V'i-i.fc - Vi.fc, 2<j<n, l<k<j-l, 

form a basis of BLl{NF''''\NF'^'''). 



Corollary 4.6. {i/'n,2, V'«.3, • • • , V'n.n} form a basis ofHLl{NF", NF"). 

Consequently, 

dimZL^(iVF"'",iVF"'") = 2n^ - 1, 
dim BLIInF"'", NF"'") = 2r? - n, 
dim HLl{NF", NF") = n - 1. 

In the next proposition we clarify taht basis element of ZLq{NF"'^\ NF""-"^) satisfies the condition 

(HH). 



Proposition 4.7. The infinitesim,al deformations ipj^k [^ l£ j l£ n,2 < k < n) and ^j^k (1 < J < 
n,2 < k < n) satisfy the condition (|2.ip . but the 2-cocycles tpj^i {1 < j < ri) and ipj^i {1 < j < n — 1) 
do not satisfy the condition (j2.ip . 

Proof. The proof of this proposition is carry out by applying similar arguments as in the proof of 
Proposition 13.51 D 



4.2. The case m = n + 1. 

In this subsection we investigate the case m = n + 1. Below we omit the proofs of results of this 
subsection, because of they are obtained similarly to above. 

Proposition 4.8. Any 2-cocycle f £ ZLl{NF"-'''^+^,NF"-'^+^) has the following form: 

n 

viyj.Vi) = T, aj.kXk, l<j<n + l, 

n+l 

v{X],Vi) = E /3j,fe2/fc, 1 < j < n - 1, 

fc=i 

n 

V{Xn,yi) = - ""a^'^ yi + E Pn.kVk, 

fe=2 
n 

(/j(x-,-,a;i) = -ai^ix^+i + J2 ("j+i.fc +2/3j,fe)a;fc, 1 < j < "- 1, 

k=l 
n 

ip{Xn,Xi) = J2 ("n+l.fc + '^Pn,k)Xk, 
fe=2 

n+1 

'P{V],xi) = 2/3j,iyi - ai^iyj+i + J2 ("j.fc-i + '^P].k)yk, l<j<n-l, 

fe=2 
n+1 

v{yn,xi) = a„+i,i2/i - ai,iy„+i + E ("n.fe-l + '^Pn,k)yk, 

fe=2 

n+l 

ip{yn+i,xi) = J2 an+i.k-iyk, 

k=2 

(p{xi,Xj+i) ^ -{aj+i^i + 2(3j,i)xi+i, l<i<n-l, l<j<n-l, 

ip{yi,Xj+i) = -(aj+1,1 + 2(3j,i)y,+i, I < i < n, l<j<n~l, 

(p{xi,yj+i) = -Pj^iy^+i, l<i<n, I < j < n ~ 1, 

'P{xi,yn+i) = - ""^''' yi+i, !<»<«, 

</'(yi: yj+i) = -2/3j,iXi, l<i<n, l<j<n-l, 

,ip{yi,yn+i) = -ctn+i.iXi, l<i<n. 

Using the assertion of Proposition 14.81 we indicate a basis of the space ZLQ(iVF"'"+^,iVF"'"+^). 
Theorem 4.9. The following cochains fj,k,,'4'j,k '■ 

Vj.i{yj,yi) = xi, 
^piAyi^yi) = 2^1, Vj.i(xj~i,xi) = xi, 

fiA-i (pi,i{xt,xi) = -Xi+i, l<i<n-l, 'fj,i{2<j<n):< ipj,i{yj,xi) ^ y2, 

<Pi,i(2/j:2;i) = ^2/i+ii 2<i<n, (pj^i{xi,Xj) = -Xi+i, I <i <n-l, 

^ 'Pi,i{yi,Xj) = -y.^+i, l<i<n, 
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y^n+1,1 : < 



Vn+lAVn+l^yi) = Xl, 

fn+isixn,yi) = -^yi, 

Vn+l,liyn,Xi) = -yi, 
Vn+lAyn+l,Xi) ^ J/2, 
ifn+lAXtiVn+l) = -\yi+l, 
, Vn+lAyi^yn+l) = -Xi, 



l<i <n, 



(pi.feCZ < k <n) 



(Pi.k{yi,yi) 
fi.kiyi'Xi) 



Xk, 

- yk+i, 



'Pj.k 



2 < j < n+ 1, 
2< k<n 



^j,k{yj,yi) = xk, 

•i^j,k{Xj-l,Xl) = Xk, 

(Pj,kiyj,xi) = yk+i, 



V'j,i(l<J <"-l): < 



^j,iixj,yi) = 2/1, 

ipjAxjjXi) = 2x1, 
■4'j,i{yj,xi) = 2yi, 
ipjAxi, Xj+i) = -2xi+i, 
i'jAiy^^Xj+i) = -2y,+i, 
V'j,i(a;»,2/j+i) = -y»+i, 
. V'j,i(y»,yi+i) = -2a;,, 



1 < i < n- 1, 
1 < i < n, 
1 < i < n, 
1 < i < n, 



, , 1 < 7 < n, 



ipjAxjiyi) ^yk, 

'^j,kiXj,Xi) = 2xk, V'j\n+l(l < j <n) 

tpj.k(yj^xi) = 2yk, 



i'j.n+iixj^yi) =y„+i, 
V'i.n+ilyjja;!) = 2y„+i, 



Proposition 4.10. T/ie cochains £^j^k o,nd Q^k defined as: 



^j,k = Vj,k, 1 < J < «, j <k <n, 

^j,k = fj,k- ^'4'j,k+i, 2<j<n, l<k<j~l, 

CjM = ^V'j-i,! -<y5j,i, 2<j<n, 

Cn+1,1 — — '/'n+l,!, 

Cj,fc = V'j-i./c, 2 < j < 71 + 1, j < A; < n + 1, 

0,fe = 5'0i-i,fe - '^j.fe, 2 < j < 71 + 1, 2 < fc < j - 1, 



/orm a feasis o/ SL^(iVF"'"+\ iVF"'"+i). 

Corollary 4.11. {^;iTi:i, ^;iTI3, ■ • ■ ,^^^1^1^} V^ « &as«5 of HLl{NF^'''+\NF^'''+^). 

Therefore 

diniZi2(7Vi^",«+i^Ari^",«+i) = 2^2 + 2n - 1, 
diniBig(iVF"'"+i,7VF"'"+i) = 2^2 + n. 

Below, we indicate a basis infinitesimal deformations satisfying the condition (|2.1I) . 

Proposition 4.12. T/ie infinitesimal deformations Lpj^k (1 < J < '^ + 1, 2 < fc < "■) i'^'^ "^Ai-fc (1 !i 

J < ri, 2 < fc < 77, + 1) satisfy the condition (j2.ip . 67it t/ie 2-cocycles (pj^i (l < j < n + 1) and 
f/jji (1 < J < 'T- — 1) c^o J^o^ satisfy the condition (j2.ip . 



Since ^ bkipn,k and ^ Ck'Pn+i.k define linear integrable deformations of NF^'" and A^F"'"+^, 



fc=2 



fc=2 



respectively, we consider two families of superalgebras 7^4(62, &3, • ■ • , &n) = NF^'" + t J2 bkiJM,k and 

fe=2 
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??t(c2,C3, 



, c„) = NF"^'"^^ + i X) Ckipn+i,k with the multiphcation tables 

fc=2 



b^,2/l] 


^x^, 


l<i<n 


[xi,yi] 


= |yj+i, 


1 <i<n 


[xn,yi_ 


= t J2 bkVk, 

k=2 




[Vz^Xl] 


^Vz+U 


l<i<n 



[Xi,Xl\ 



''i+1: 



and < 



[yn,xi] ^2tJ2 i'kVk, 

k=2 

[Xi,Xi] = .Tj+i, 

n 

fc=2 



1 < i < n- 1, 



[a;„,xi] = t X) CkXk, 
k=j 

[yi,xi] =yi+i, 

n 
[yn+l,Xi] =tJ2 CkVk+l, 
k=j 

[yi,yi] =a;j, 

n 

[yn+i,yi] = t J2 ckXk, 

k=j 

^[xi,yi] = \yt+i, 



1 < i < n- 1, 



1 < .7 < n, 



I < i < n, 



1 < i < n. 



respectively. 

Putting b'l^ — tbk and cj. = tefc, we can assume in both multiplications t = 1. 

The description of single-generated Leibniz superalgebras deduce that they are have the forms of 
superalgebras i^i{b2,b3, . . . ,b„) and 771(02, C3, ..., c„). 

Similarly to the case of Leibniz algebras for superalgebras we obtain the following theorem. 



Theorem 4.13. IJ Orb(i^i(62, &3, • • • , &«)) and [J Orb(r7i(c2,C3, . . . , c„)) are irreducible com- 
ponents of the varieties Leib"'" and Leib"'"^^ , respectively. 
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